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I present evidence of a novel type of superradiance that arises in black hole binary spacetimes. Given the
right initial conditions, a wave will be amplified as it scatters off the binary. This process, which extracts energy
from the orbital motion, is driven by absorption across the horizons and is most pronounced when the individual
black holes are not spinning. Focusing on real scalar fields, I demonstrate how modern effective field theory
techniques enable the computation of the superradiant amplification factor analytically when there exists large
hierarchies of scales.
Introduction.—Superradiance is an intriguing phenomenon
in which waves scattering off a rotating body are amplified. It
is perhapsmost widely known to occur aroundKerr black holes
[1–4] and, in this context, can be viewed as the wave analog
of the Penrose process [5, 6]. However, superradiance is not
in itself intrinsically tied to the existence of an ergosphere, but
is in fact a far more generic process [7]. Case in point: In
his seminal papers on the subject [8, 9], Zel’dovich describes
the amplification of electromagnetic waves by a conducting
cylinder; while more recently, Torres et al. reported the
first laboratory observation of superradiance in water waves
scattered by a draining vortex [10]. Superradiant scattering by
rotating stars has also recently been studied [11–13].
Diverse as these systems are, they can all be distilled down
to the same two essential ingredients: a reservoir of energy
that can be extracted, and a channel for dissipation [14]. With
these in mind, it is natural to expect that a black hole binary
would also exhibit superradiance. Just like in the single black
hole case, dissipation is provided by absorption across the
horizons, but now the predominant source of rotational energy
is the binary’s orbital motion, rather than the spins of its
constituents. Consequently, such binaries ought to amplify
waves even when the individual black holes are not spinning.
The goal of this work is to substantiate these expectations with
explicit calculations.
These calculations may be important for astrophysics and
gravitational-wave science, given how common binaries are in
our Universe, but they also present an interesting theoretical
problem. The traditional approach to studying (single) black
hole superradiance involves solving a wavelike equation on a
fixed Kerr background. While highly successful, extending
this approach to more complicated scenarios is prohibitively
difficult. No exact solution to the Einstein equations describing
an inspiraling binary is known, but even if one were, the
corresponding wavelike equation on this spacetime is likely
intractable. The nonlinearities that encumber this approach
are mostly inessential to the problem, however, and the
breakthrough that has paved the way for this present work is
an effective field theory (EFT) formalism for extended objects
[15–18]. By exploiting an inherent separation of scales, a
black hole interacting with a low-frequency, long-wavelength
field can be approximated as a point particle furnished with
dynamical operators that capture finite-size effects.
Building on this formalism, Endlich and Penco [19] have
shown how quantum field theoretic techniques can be used
to study superradiance by converting the problem into one of
computing S-matrix elements. Their approach has hitherto
been limited to systems that are stationary and (nearly)
spherically symmetric, however, while we will find that it
is the absence of these symmetries that makes binary systems
especially interesting. In striving to extend their approach to
the latter case, we have found it more instructive to forego
S-matrix elements in favor of working directly with equations
of motion.
In what follows, we begin by discussing the relevant degrees
of freedom in the EFT and how they interact. This is used to
derive the effective equation of motion for a wave scattering
off the binary, which we then solve perturbatively to obtain
the amplification factor. Finally, we discuss the mechanism by
which energy is extracted from the binary. For simplicity, we
will concentrate solely on the superradiance of a real scalar
field; leaving higher-spin fields to the future.
Setup.—Three simplifying assumptions facilitate analytic
calculations. First, we will assume that the binary is in the
early phase of its inspiral, during which its orbital separation
a is much greater than the typical size GM of its constituents
(let ~ = c = 1). As a result, the characteristic velocity
v ∼ GM/a of the orbit is small. Second, let us assume that
the scalar has a wavelength λ ≫ a. This regime permits a
coarse-grained description of the system, in which the binary
itself looks like an effective point particle from the field’s
perspective. Third, we neglect the possibility of resonantly
exciting individual black holes [20] by concentrating on low-
energy fields varying on a timescale ω−1 much longer than the
black holes’ light-crossing times. These assumptions establish
an EFT organized as an expansion in three small parameters.
Working perturbatively in powers of v yields the typical post-
Newtonian (PN) expansion [21], which is here supplemented
by the additional parameters a/λ and GMω that characterize
the interactions between the scalar and the binary.
For this preliminary study, let us restrict our attention to
leading order in these parameters. It then suffices to consider
a Newtonian binary with total mass M = M1 +M2 and orbital
frequencyΩ. We will further assume a circular orbit for added
simplicity. Place its barycenter at the origin, and orient the
orbital angular momentum vector to be along the positive z-
2axis. The constituent black holes, labelled by N ∈ {1, 2}, travel
along theworldlines zi
N
(t) = rN R
i
j (t)d
j . Their distances from
the origin are given by r1 = aM2/M and r2 = −aM1/M, d is a
unit vector in the z = 0 plane specifying their initial positions,
and Ri j (t) is the appropriate rotation matrix.
Dissipation is incorporated into this EFT by coupling the
binary to the scalar via the interaction terms [22]
Sint =
∫
dt
2∑
N=1
∞∑
ℓ=0
qLN (t)∂Lφ(t, zN (t)). (1)
The operators qL
N
(t) representmicroscopic degrees of freedom
localized on the worldline zN , which can exchange energy and
momentum with the scalar φ, thus modeling the absorptive
property of a black hole’s horizon [16, 19, 22]. (We use
conventional multi-index notation [21]: qL ≡ qi1 · · ·iℓ , zL ≡
zi1 · · · ziℓ , and ∂L ≡ ∂i1 · · · ∂iℓ .)
As |z| ∼ a ≪ λ by assumption, we can Taylor expand φ
about the origin and reorganize terms such that (1) now reads
Sint =
∫
dt
∞∑
ℓ=0
OL(t)∂Lφ(t, 0). (2)
This form is better suited to our purposes; having grouped the
interactions into a set of symmetric, trace-free (STF) operators
OL , which can be viewed as dynamical multipole moments of
the binary. At leading order,
OL(t) =
1
ℓ!
∑
N
qN (t)z
〈L 〉
N
(t), (3)
where angled brackets denote the STF projection of a tensor.
Notice that all operators qL
N
with ℓ ≥ 1 have been discarded.
Power counting reveals that their correlation functions scale
as 〈qLqL〉/〈qq〉 ∼ (length)2ℓ , and since these operators are
related to short-distance physics near a black hole’s horizon,
the appropriate length scale must be GM. Consequently,
a term of the form qLziℓ+1 · · · zin is suppressed relative to
qL−1ziℓ · · · zin by one power of GM/a ∼ v2, thus only the
ℓ = 0 operator qN (t) is needed at leading order.
To see why traces can be neglected, consider the quadrupole
operator Oij as an example. If kept, its trace would contribute
a term of the form Okk∂
i∂iφ. Because a scalar of mass
µ satisfies the Klein-Gordon equation in the absence of the
binary, this interaction term is unchanged at leading PN order
were we to replace ∂i∂iφ → (∂
2
t + µ
2)φ. (On a technical note,
this replacement is achieved by a field redefinition [23, 24].)
The new term Okk(∂
2
t + µ
2)φ no longer depends on spatial
derivatives, so can be absorbed into a redefinition of O(t).
Power counting tells us |Okk(∂
2
t + µ
2)φ|/|O(t)φ| ∼ (a/λ)2,
hence this is a subleading correction. The pattern extends to
all multipoles: Traces of OL can always be converted into
subleading corrections to lower-multipole operators.
Equation of motion.—Extremizing the full action with
respect to φ yields
( − µ2)φ = −
∞∑
ℓ=0
(−1)ℓOL(t)∂Lδ
(3)(x). (4)
The rhs depends on qN (t), which is a dynamical variable in
its own right. The EFT supplies no specific details about its
dynamics, however, so additional input is required.
No-hair theorems tell us that isolated black holes cannot
support their own permanent scalar charges [25–27], hence
the solution for qN (t) must vanish unless there is an external
field present. We then expect the leading-order solution to be
given by linear response theory:
qN (t) =
∫
dt ′χR,N (t − t
′)
(
∞∑
ℓ=0
1
ℓ!
z
〈L 〉
N
(t ′)∂Lφ(t
′, 0)
)
, (5)
where χR is its retarded Green’s function. Any nonlinearities
in the response can be neglected when the scalar’s amplitude
is not too large.
We now reconstruct χR as follows: In the low-frequency
limit, its Fourier transform admits a Taylor expansion in powers
of GMω [19]. The coefficients of this expansion are then
determined by matching them to observables calculated using
the full Kerr solution. For instance, one finds by calculating
the accretion rate of a scalar field onto a single black hole at
rest that χ˜R,N (ω) = iANω at leading order [22], where AN is
the area of the N th black hole’s horizon. The power of this
matching procedure is that the values of these (Wilsonian)
coefficients are universal, so once determined can be applied
to more complicated scenarios, like in the present context.
Substituting (5) into (4) yields a linear, homogeneous
equation of motion for φ, whose rhs is given by
OL(t) = −
∑
N
∑
ℓ′
AN
ℓ!ℓ′!
z
〈L 〉
N
(t)
d
dt
(
z
〈L′〉
N
(t)∂L′φ(t, 0)
)
. (6)
To proceed, we introduce a set of STF tensors Vm
L
≡ Vm
i1 · · ·iℓ
,
which are the generators of the spherical harmonics,
Yℓm(xˆ) =
√
(2ℓ + 1)!!
4πℓ!
VmL xˆ
L . (7)
They satisfy the orthogonality property (Vm
L
)∗Vm
′
L
= δmm
′
and the identity Vm
i1 · · ·iℓ
Ri1 j1(t) · · · R
iℓ
jℓ (t) = V
m
j1 · · · jℓ
eimΩt [19].
These can be used to show that
z
〈L 〉
N
(t) =
ℓ∑
m=−ℓ
√
4πℓ!
(2ℓ + 1)!!
rℓNY
∗
ℓm(d)V
m
L e
−imΩt, (8)
and thus
OL(t) = −
∑
m
∑
ℓ′,m′
4πY∗
ℓm
(d)Yℓ′m′(d)√
ℓ!(2ℓ + 1)!!ℓ′!(2ℓ′ + 1)!!
e−i(m−m
′)Ωt
×
∑
N
AN r
ℓ+ℓ′
N V
m
L (V
m′
L′ )
∗(im′Ω + ∂t )∂L′φ(t, 0). (9)
Superradiant amplification.—In effect, this EFT description
is exploiting the hierarchy a ≪ λ to zoom out on the binary
and replace it by a set of boundary terms at the origin. To
3leading PN order, the spacetime everywhere else is flat, hence
the general solution for r > 0 is
φ =
∑
ℓ,m
∫
ω
e−iωtYℓm(xˆ)
[
Iωℓmh
−
ℓ (kr) +Rωℓmh
+
ℓ (kr)
]
,
(10)
where k2 = ω2 − µ2 [28], and
∫
ω
≡
∫
dω/(2π). The
radial part of this solution is given by the spherical Hankel
functions, which have the limiting forms h±
ℓ
(z) ∼ i∓(ℓ+1)e±iz/z
as z → ∞. Accordingly, Iωℓm and Rωℓm are the amplitudes
for ingoing and outgoing waves, respectively. (For real φ,
I∗
ωℓm
= (−1)ℓ+mI−ωℓ−m, and likewise forR
∗
ωℓm
.)
The relationship between Iωℓm and Rωℓm is determined
by the boundary terms at the origin, which we will treat as
a small perturbation. In the absence of interactions with the
binary, there cannot be a net flow of energy into or out of
the origin, hence Iωℓm = Rωℓm at zeroth order. Turning
on the interactions, the outgoing amplitude becomesRωℓm =
Iωℓm +Aωℓm. We read offAωℓm from the first-order solution
to (4),
φ(1)(x) =
∫
d4x′GR(x − x
′)
∑
ℓ
(−1)ℓOL(t ′)∂Lδ
(3)(x′), (11)
whereGR is the retardedKlein-Gordon propagator, andO
L(t ′)
is evaluated using the zeroth-order solution φ(0). Performing
this integral is a standard exercise [22]; with the end result
being
φ(1)(x) =
∑
ℓ
(−1)ℓ∂L
∫
ω
∫
dt ′
OL(t ′)
4πr
e−iω(t−t
′)+ikr . (12)
To simplify this further, a selection of identities [29, 30] can
be used to deduce that
VmL ∂L
eikr
r
= VmL xˆ
Lrℓ
(
1
r
d
dr
)ℓ
ikh+0 (kr)
=
√
4πℓ!
(2ℓ + 1)!!
Yℓm(xˆ)ik
ℓ+1(−1)ℓh+ℓ (kr). (13)
Moreover, the fact that the spherical Bessel function jℓ(z) =
[h+
ℓ
(z) + h−
ℓ
(z)]/2 has the limiting form jℓ(z) ∼ z
ℓ/(2ℓ + 1)!!
as z → 0 implies
∂Lφ
(0)(t, 0) =
∑
m
∫
ω
2ℓ!Iωℓm√
4πℓ!(2ℓ + 1)!!
VmL k
ℓe−iωt . (14)
Putting everything together, we find
Aωℓm =
∑
ℓ′,m′
∫
ω′
2Y∗
ℓm
(d)Yℓ′m′(d)Iω′ℓ′m′
(2ℓ + 1)!!(2ℓ′ + 1)!!
∑
N
ANr
ℓ+ℓ′
N (k
′)ℓ
′
× kℓ+1(m′Ω − ω′)2πδ(ω − ω′ − (m − m′)Ω). (15)
This result is valid for any ingoing amplitude Iωℓm, but it
will be instructive to consider an ingoing wave peaked at a
single frequency ωˆ and composed of a single harmonic (ℓˆ, mˆ)
[31]. The delta function in (15) then tells us that the binarywill
scatter this wave into multiple outgoing modes. For instance,
the single ingoing mode (ωˆ, 1, 1) will scatter into the outgoing
modes (ωˆ, 1, 1), (ωˆ − Ω, 0, 0), (ωˆ − Ω, 2, 0), and so on. This
appearanceofmodemixing is unsurprising, given that a binary
is neither stationary nor axisymmetric.
Mode mixing also means that we cannot speak of the
amplification of each mode individually (in contrast to single
black hole superradiance), but we can still compute the total
amplification factor for the wave. Integrated over all time,
the total energy flux radiated off to infinity is given by
∆E = ∆Eout − ∆Ein, where
∆Eout =
∑
ℓ,m
∫
ω
θ(k2)
ω
k
|Rωℓm |
2, (16)
θ(k2) is the Heaviside step function, and the expression for
∆Ein is obtained by replacing Rωℓm with Iωℓm. The total
amplification factor is then Z = ∆E/∆Ein. For a single ingoing
mode (ωˆ, ℓˆ, mˆ), Z = 2Aωˆℓˆmˆ/Iωˆℓˆmˆ +O(A
2). Hence, even
though a binary scatters a single ingoing mode into multiple
outgoing modes, interference between the zeroth and first-
order solutions results in most of the outgoing energy being
carried by the original mode. Written out explicitly,
Z =
 2Yℓˆmˆ(d)
(2ℓˆ + 1)!!

2∑
N
AN r
2ℓˆ
N kˆ
2ℓˆ+1(mˆΩ − ωˆ). (17)
Three remarks are worth making about (17). First, the
sum over N signifies that only one black hole is needed for
superradiance to occur; the other member of the binary need
not interact with the scalar at all. Second, superradiance
occurs when Z > 0, which translates to two necessary
conditions: The ingoing mode must satisfy the familiar
inequality 0 < ωˆ < mˆΩ, but additionally, ℓˆ + mˆ must also
be even. This second condition is novel to binary systems,
and originates from the quantity |Yℓˆmˆ(d)|
2 ≡ |Yℓˆmˆ(π/2, 0)|
2,
which vanishes when ℓˆ + mˆ is odd. These vanishing modes
correspond to field profiles concentrated away from the z = 0
plane, which makes intuitive sense—no exchange of energy
can occur if the field is unappreciable in the neighborhood of
the binary. Third remark: The results presented here account
only for the contribution to superradiance from the binary’s
orbital motion, but are otherwise valid for black holes of any
spin. When v and GMω are small, it is easy to verify that
the additional contribution from the field interacting with the
spins of the individual black holes is always subleading.
The fact that Z ∝ (a/λ)2ℓˆ indicates that superradiance is
most pronounced in the ℓˆ = mˆ = 1 mode. For a given value
of Ω, Z is further maximized if the wave is massless with
frequency ω = 3Ω/4, and if both black holes are spherical.
In this limit, Zmax = 9ν
2v8/16, where ν = M1M2/M
2 ≤ 1/4
is the symmetric mass ratio. Even if we take v ≈ 0.1 (which
is already pushing the limits of validity of the EFT), we find
Zmax ≈ 4 × 10
−10 at best.
4Thermodynamics.—Simple thermodynamic arguments pro-
vide further insight into the onset of superradiance. Up to 2PN
order, there is no gravitational radiation and no concomitant
orbital decay, hence the spacetime for a circular binary admits
the helical Killing vector ξ = ∂t + Ω∂ϕ. Spacetimes with this
(approximate) symmetry satisfy the first law of binary black
hole mechanics [32, 33],
dM−Ω dJ=
∑
N
κN
8πG
dAN, (18)
where κ is the surface gravity, while M and J are the
ADM mass and angular momentum. When a single ingoing
mode with λ ≫ a scatters off the binary, angular momentum
exchange is constrained by dJ/dM = mˆ/ωˆ, hence the lhs of
(18) reads ωˆ−1(ωˆ − mˆΩ) dM. The rhs is positive semidefinite
due to the second law (dAN ≥ 0), thus we easily recover
the conditions 0 < ωˆ < mˆΩ and dAN > 0 necessary
for superradiance (dM < 0). This reinforces the fact that
absorption is still an essential ingredient, even though the
spacetime we consider is time-dependent. The Killing vector
ξ gives rise to a conserved energy-momentum current for
the scalar (loosely speaking, ξ generates time-translation
symmetry in the frame corotating with the binary), thus at low
PN orders the time-dependent gravitational potential sourced
by the binary plays no role in amplifying or dissipating waves.
The first law also provides another way of computing ∆E .
The energy gained by the binary during the scattering process
is
∆M =
∑
N
∫
dt ( ÛMN + FN · vN ), (19)
where the first term is due to absorption, while the second is
the work done by the scalar. It has previously been shown
[22] in a fully-relativistic setting that a background scalar
Φ ≡ φ(0) exerts the force Fµ = Q(τ)(gµν + uµuν)∂νΦ on a
black hole, where Q(τ) ≔ −A ÛΦ(z(τ)) can be viewed as an
“induced scalar charge.” (An overdot denotes a derivativewith
respect to the proper time τ along the worldline, and uµ ≡ Ûzµ .)
The fluctuation-dissipation theorem links this charge with
the accretion rate, ÛM ≡ −Q ÛΦ, hence Fµ includes the drag
due to accretion, but additionally accounts for the impact
of spatial gradients of Φ. Taking its nonrelativistic limit,
the integrand in (19) can be rewritten as AN ÛΦ( ÛΦ − v
i
N
∂iΦ).
ExpandingΦ ≡ Φ(t, zN (t)) about the origin and using (8) and
(14), we indeed find ∆E = −∆M. Hence, the scalar extracts
energy from the binary through the action of this force Fµ.
This explains why Z ∝ AN . Naively, we might guess that
superradiance is suppressed for spherical black holes because
of their larger absorption cross section, but the exact opposite
is true—the fluctuation-dissipation theorem stipulates that Fµ
is also proportional to this cross section.
Outlook.—Let us summarize. Despite the inherent com-
plexity of such systems, we have seen how the interactions
between a black hole binary and an external scalar field can
be understood by means of an EFT when large hierarchies
of scales are present. In this limit, an explicit calculation—
accurate to leading order in the small parameters v, a/λ, and
GMω—provides compelling evidence for the existence of a
novel type of superradiance. Even so, this study constitutes
only the first step towards a comprehensive understanding of
this process, and there are many avenues for future work.
For instance, our assumption of a circular orbit rendered
many of the calculations straightforward, as it enabled us
to exploit the symmetry associated with ξ. It will certainly
be interesting to explore how superradiance is affected by
eccentricity and the emission of gravitational waves. That
being said, (15) is expected to be a good approximation for
the amplification of wavepackets that traverse the length of the
(quasicircular) binary in a time much shorter than tGW, where
tGW ∼ (Ωνv
5)−1 is the orbital decay timescale [21].
Plugging in numbers showed that the amplification factor
is always small, and therefore likely unobservable, within the
EFT’s regime of validity. However, the possibility remains
that superradiance is more pronounced outside this regime.
Systems in which a/λ ∼ O(1) are likely to be particularly
interesting, as resonant effects may occur. (See [34] for
progress in this direction.)
Finally, we have focused solely on scattering in this work,
but it is well known that superradiance can also manifest as an
instability that triggers the exponential growth of bound states
around Kerr black holes [35–43] or other astrophysical bodies
[12, 13, 44]. A similar instability is likely to be present in
black hole binaries, and will be the subject of a forthcoming
paper. In the future, it will also be worth extending all of these
results to higher-spin fields.
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